We investigate typical behavior of geodesics on a closed flat surface S of genus g ≥ 2. We compare the length quotient of long arcs in the same homotopy class with fixed endpoints for the flat and the hyperbolic metric in the same conformal class. This quotient is asymptotically constant F a.e. We show that F is bounded from below by the inverse of the volume entropy e(S). Moreover, we construct a geodesic flow together with a measure on S which is induced by the Hausdorff measure of the Gromov boundary of the universal cover. Denote by e(S) the volume entropy of S and let c be a compact geodesic arc which connects singularities. We show that a typical geodesic passes through c with frequency that is comparable to exp(−e(S)l(c)). Thus a typical bi-infinite geodesic contains infinitely many singularities, and each geodesic between singularities c appears infinitely often with a frequency proportional to exp(−e(S)l(c)). 1 2δ inf . Then, for any point p ∈ X there is a metric d ∞,p on ∂X and a constant ǫ(δ inf ) < 1 which satisfies:
Introduction
In the study of the Teichmüller space of closed Riemann surfaces, half-translation structures play a central role. A half-translation structure on a surface defines a flat metric, see Section 2.2 for details. The geometry of such flat metrics and their relationship to the hyperbolic metric in the same conformal class have been investigated in [DLR10, Raf07] . We are interested in the asymptotic behavior of geodesics on S. In the first part of this note we compare the behavior of geodesics for the flat metric S = (X, d fl ) and the hyperbolic metric σ in the same conformal class with respect to the Liouville measure of σ. For a free homotopy classes of closed curves [α] in X, denote by l * ([α]), * = d fl , σ the infimum of the length of curves for the hyperbolic resp. the flat metric. If [α] is a homotopy class of arcs with fixed endpoints then l * ([α]), * = d fl , σ is the infimum of the length of arcs in the homotopy class. Let g t : T 1 X → T 1 X be the geodesic flow for σ. For v ∈ T 1 X the flow line g : [i, j] → T 1 X, t → g t (v) in the unit tangent bundle projects to a local geodesic c i,j on (X, σ). Define F i,j : T 1 X → R + , v → l fl ([c i,j ]). By the subadditive ergodic theorem, lim T →∞ T −1 F 0,T converge towards the asymptotic length quotient F which is constant a.e. [Raf07] compared the length of simple closed curves for the hyperbolic and the flat metric respectively as follows: The hyperbolic metric on X admits a thick-thin decomposition so that the hyperbolically thin part of the surface is a disjoint union of annuli. Denote by Y 1 , . . . Y n the components of the thick part. Then there are constants λ i := λ(Y i ) > 0 so that the following holds: Let [α] be a free homotopy class of simple closed curves which can be realized in Y i and which cannot be homotoped to the boundary. Then the quotient of the flat length and the hyperbolic length of [α] is comparable to λ i . Let λ := max i (λ i ) which might be arbitrary small.
Theorem (Theorem 3.1, Theorem 3.2). The asymptotic length quotient F is related to the volume entropy e(S) and to the factor λ. i) F ≥ e(S) −1 ii) There exists some A > 0 which only depends on the topology of X such that
In the second part of this note we investigate the typical behavior of a geodesic on a flat surface S. Geodesics which to do not pass through singular points have been investigated extensively, see i.e. [Mas82, Mas92, Che03, Mas06, CHM10] . Here we allow that geodesics may pass through singular points and change direction which means that a geodesic arc might contain transverse subarcs. As each locally geodesic segment which terminates at a singular point admits a one-parameter family of geodesic extensions, a geodesic flow can not be defined infinitesimally. As in [Gro87] , we use the space of all parametrized bi-infinite unit speed geodesics GS as the unit tangent bundle on the isometric universal cover π :S → S. To define an appropriate measure for the geodesic flow in terms of the flat metric we follow the idea of the Hopf parametrization [Hop71] : Fix a pointx ∈S.S admits a metric boundary (∂S, d ∞,x ), the so-called Gromov boundary, and GS naturally projects onto ∂S 2 − △. In other words, (∂S 2 − △) × R is non-canonically a quotient of GS. The Hausdorff measure νx of (∂S, d ∞,x ) is positive finite and induces a positive finite quotient measure µ on the quotient space GS/π 1 (S) which is invariant under the geodesic flow. We show that g t acts ergodically with respect to µ. We use this construction to investigate typical behavior of geodesics. Denote by e(S) the volume entropy of the flat surface which was estimated in [Dan11] . Let c be a locally geodesic arc on S which might contain singular points. Extend c as much as possible in positive and negative direction with the property that the extension is unique. Let c ext be the extended arc which might be infinite. We estimate the frequency Λ of a µ-typical geodesic passing through c.
Theorem (Theorem 5.1). For a closed flat surface S there is a constant C(S) > 0 such that the following holds: For any compact locally geodesic arc c a typical geodesic passes through c with a frequency Λ(c) which is bounded from above and below by C(S) −1 exp(−e(S)l(c ext )) ≤ Λ(c) ≤ C(S)exp(−e(S)l(c ext )).
So we obtain a concrete description of typical geodesics as concatenations of geodesic segments which connect singular points. Each such segment appears infinitely often in each typical geodesic and the frequency decrease exponentially in the length of the segment. As a corollary, geodesics which omit the singularities are of measure zero. The paper is organized as follows. In the next section we recall the main facts about δ-hyperbolic spaces and flat surfaces which are needed in the sequel. In section 3 we investigate the asymptotic length comparison of geodesic in the flat and hyperbolic metric. In section 4 we collect technical lemmas concerning geodesic rays on flat surfaces. In section 5 we estimate ergodic behavior of geodesics on flat surfaces. Acknowledgement This paper is part of my Dissertation. I would like to thank my advisor Ursula Hamenstädt for her support and for raising the questions. I would also like to thank Sebastian Hensel, Emanuel Nipper and Jon Chaika for many discussion. Parts of this work were done during my stay at the Université Paul Cezanne. I would like to thank Pascal Hubert for inviting me and for many advices. This research was supported by Bonn International Graduate school in Mathematics.
2. Preliminaries about flat surfaces and spaces of non-positive curvature 2.1. Gromov hyperbolic spaces and Patterson Sullivan measures. We recall the standard facts about proper δ-hyperbolic spaces. For details we refer to [BH99, Chapter III] . Convention: Any metric space X is assumed to be complete, proper and geodesic. A mapping f : X → Y between metric spaces X is an L-quasi-isometric embedding if and only if
An L-quasi-geodesic c : I → X is an L-quasi-isometric embedding of a real line segment
A δ-hyperbolic space X admits a metric boundary which is defined as follows. Fix a point p ∈ X and for any two points x 1 , x 2 ∈ X we define the Gromov product
We call a sequence
this defines an equivalence relation. The Gromov boundary ∂X of X is then the set of equivalence classes of admissible sequences. The space X = ∂X ∪X can be equipped with a topology to yield a compactification of X: For a point p ∈ X and U ⊂ X denote by sh p (U ) ⊂ X the U -shadow for p: The set of all points x ∈ X such that there is a geodesic connecting p and x which intersects U , together with all boundary points η ∈ ∂X such that there is a sequence {y i } ∈ η with y i ∈ sh x (U ) for almost all i. The boundary shadow is defined as ∂sh x (U ) := ∂X ∩ sh x (U ). The shadows sh p (U ) for all p and for all open sets U , together with all open balls in X form the basis for the topology on X. The Gromov product on the boundary is defined by
Lemma 2.1. For a δ-hyperbolic space X let δ inf be the infimum of all its hyperbolic constants and let ξ := ξ(δ inf ) = 2
Proof. This follows from [BH99, III 1.7] and [CP93, I Proposition 3.2]
For a δ-hyperbolic space X and Γ a group of isometries acting properly discontinuously, freely and cocompactly on X, fix p ∈ X and ℓ a Γ-invariant non-zero Radon-measure on X. Convention: By entropy we mean volume entropy. Here X is the isometric universal cover of X/Γ, so we abbreviate e(X/Γ) := e(X, Γ). We always assume that the group Γ acts properly discontinuously, freely and cocompactly by isometries on X.
We Theorem 2.1. Let X be a δ-hyperbolic Cat(0)-space and let d ∞,x be the Gromov metric on the boundary with respect to some base point p ∈ X. Assume that Γ acts cocompactly on X.
Then the Hausdorff dimension of the boundary coincides with e(X/Γ) log(ξ(δ inf )) . Furthermore, the Hausdorff measure of d ∞,x coincides with ν x , up to a multiplicative constant.
Proof. We refer to [Coo93] .
For simplicity we extend ν x to a complete measure and assume that we always take the completion of any measure instead of the measure itself.
2.1.1. Radon-Nikodym derivative. The family of measures ν x , x ∈ X, is contained in the same measure class. In the later context we need to estimate the difference of any two measures. For a Cat(0)-space X and for η ∈ ∂X, the Busemann distance is defined as b(x, y, η) := lim t→∞ t − d([x, η](t), y), x, y ∈ X Lemma 2.3. For a δ-hyperbolic Cat(0)-space X there exists a constant C(δ), only depending on δ so that for all x, y ∈ X, η ∈ ∂X the Radon-Nikodym derivative can be estimated by exp(−e(X/Γ)(b(x, y, η) + C(δ))) ≤ dν x dν y (η) ≤ exp(−e(X/Γ)(b(x, y, η) − C(δ))).
If y is contained in the connecting geodesic [x, η] it follows:
Proof. This is shown in [Coo93] .
Denote by diam(X/Γ) := sup
x,y∈X d(x, Γy) the diameter of X/Γ.
Corollary 2.1. For, x, y ∈ X, the Radon-Nikodym derivative is bounded by
Furthermore, the measure of the whole boundary is bounded by
Proof. The first inequality follows from Lemma 2.3 and the second is a consequence of the fact that ν γ(x) (γ(A)) = ν x (A) and there exists some x so that ν x X = 1.
2.2. Geometry of flat surfaces. We introduce the geometry of flat surfaces and refer to [Min92, Str84] .
Convention: Any closed oriented surface is assumed to be of genus g ≥ 2.
A half-translation structure on a closed oriented surface X is a choice of charts such that, away from a finite set of points Σ, the transition functions are halftranslations. The pull-back of the flat metric in each chart gives a flat metric d fl on X − Σ. We require that d fl extends to a singular cone metric on X with cone angle kπ in each point ς ∈ Σ where k ≥ 3 is an integer. Then S = (X, d fl ) is a flat surface.
A straight line segment on S −Σ is defined as the pull-back of a straight line segment on R 2 in each chart. A saddle connection is a straight line segment which emanates from one singularity and ends at another. The flat metric admits an unoriented flat angle as follows. A standard neighborhood U of a point p ∈ S is isometric to a cone around p. On the boundary circle of U we choose an orientation. Let c 1 , c 2 be straight line segments, issuing from x. The complement U − c 1 ∩ c 2 consists of two connected components U 1 , U 2 which are isometric to euclidean circle sectors with angle ϑ i , i = 1, 2, possibly greater than 2π. Choose U 1 such that the arc on ∂U which connects c 1 with c 2 in direction of the boundary orientation is on the boundary of U 1 . Then ∠ p (c 1 , c 2 ) is the sector angle ϑ 1 . Proof. We refer to [Vor96, Proposition 3.1].
One of the main concepts is the Gauss-Bonnet formula, see [Hub06] . Let P be a compact flat surface with piecewise geodesic boundary and denote by χ(P ) the
As a corollary, a flat surface does not contain geodesic bigons.
Proposition 2.2. In any homotopy class of arcs with fixed endpoints on a closed flat surface there exists a unique local geodesic which is length-minimizing. Moreover, in any free homotopy class of closed curves there is a length-minimizing locally geodesic representative.
Proof. In both cases, the existence follows from a standard Arzelà-Ascoli argument. The uniqueness follows from the absence of geodesic bigons.
A flat cylinder of height h and circumference c on a flat surface S is an isometric
Like in hyperbolic geometry, closed local geodesics on flat surfaces do not have arbitrary intersections.
Lemma 2.6. Let α, β be closed curves on a flat surface S and α fl , β fl be a choice of locally geodesic representatives in the free homotopy class. If the number of intersection points of α fl , β fl is bigger than the geometric intersection number i([α], [β]), then the local geodesics α fl and β fl share some arcs which start and end at singularities. The arcs might be degenerated to singular points.
Proof. If α fl and β fl have more points in common than i(α, β), by absence of geodesic bigons, α fl ,β fl share some arc. As local geodesics in flat surfaces are straight line segments outside the singularities, two local geodesics having some arc in common can ones drift apart at singularities. So they can ones share arcs with singularities as start-and endpoints.
Proposition 2.3. For a closed flat surface S there is a constant C l (S) > 0 so that following holds: For any two parametrized geodesics c, c ′ on S, so that c ends at a singularity and c ′ issues from some singularity there is a local geodesic g which first passes through c and eventually passes through c ′ and which is of length at most C l (S) + l(c) + l(c ′ ).
Proof. We refer to [Dan11] .
Asymptotic comparison of hyperbolic and flat geodesics
The isometric universal cover π :S → S of a closed flat surface S is a topological disc with Cat(0) metric. By theŠvarc-Milnor Lemma,S is quasi-isometric to the Poincaré disc and so δ-hyperbolic for some δ, see [Dan11] for more precise estimates. Denote by Γ the group of deck transformations. For a closed flat surface S = (X, d fl ) let σ be the hyperbolic metric in the same conformal class as d fl . Recall that the length of a homotopy class of arcs with fixed endpoints l * ([c]), * = d fl , σ is defined as the length of the shortest arc for the metric. To investigate the relationship between the two metrics, we compare the geodesic flows. Let τ : T 1 X → X be the unit tangent bundle of X and let ℓ * , * = d fl , σ be the Lebesgue measure on X defined by the flat resp. hyperbolic metric. Denote by m the Liouville measure for the hyperbolic metric on the unit tangent bundle and let m x , x ∈ X be the induced measure of the fiber T 1 x X ∼ = S 1 . The measures are defined in the same way on the universal cover π :X → X endowed with the lifted structure, i.e. the unit tangent bundle τ : T 1X →X, the hyperbolic or flat metric and the covering map π naturally extends to π : T 1X → T 1 X. The geodesic flow g t : T 1 X → T 1 X for the hyperbolic metric σ on T 1 X acts ergodically with respect to m.
To each point v ∈ T 1 X and to each i, j ∈ R, associate the a local geodesic c i,j :
to be the flat length of the homotopy class [c i,j ]. By the subadditive ergodic theorem lim T →∞ 1/T F 0,T converges to a constant function F with respect to the L 1 -norm.
Proof. Since the flat and the hyperbolic metric on the universal coverX are L-quasiisometric for some L,
For λ := L(λ ′ + 1) this proves the claim.
3.1. Comparison with the entropy. Proof. Assume on the contrary that e(S) < F −1 − 3ǫ for some 0 < ǫ < F −1 and notice that
Since r −1 F 0,r converges towards F with respect to the L 1 -norm, for each ℓ σ -typical point x, c r (x) tends to zero if r tends to infinity. Fixx ∈ π −1 (x) ⊂X, a preimage of x in the universal cover which is ℓ σ -typical and let B * x (r) be the open metric ball with centerx and radius r with respect to the metric * = σ, d fl . Notice that
ℓ σ is a Γ-invariant Radon measure onX and so
One estimates F by comparing the volume of metric balls:
For λ as in Lemma 3.1 let r be so large that rǫ ≥ 2λ and so
Therefore, we can estimate
If r tends to infinity, the left term tends to e(S) + ǫ whereas the right term is bounded from above by e(S), what is a contradiction.
3.2.
Comparison with the Rafi constant. We showed that for a closed flat surface S = (X, d fl ) the entropy bounds the asymptotic quotient of flat and hyperbolic length of geodesic arcs. A similar quantity was defined in [Raf07] . For a free homotopy class simple of closed curves [α] in X denote:
In each free homotopy class of closed curves the minimum is attained by a local geodesic: l * ([α]) = l * (α * ), * = d fl , σ We remark the following standard facts concerning the geometry of a closed hyperbolic surface (X, σ) and refer to [Kee74, BP92, Thu80, Raf07].
(1) Around any simple closed local geodesic α σ there exists an equidistant convex collar. The distance from the boundary to the locally geodesic core curve is bounded from below by a function r(l σ (α σ )) which is independent from the surface (X, σ), decreasing and unbounded.
(2) Let ǫ be the Margulis-constant which only depends on the topology of X. The thin part X < ⊂ Xis the set of points with injectivity radius of at most ǫ which is a disjoint union of convex annuli. The diameter of each connected component of the thick part X > := X − X < is bounded from above by a constant which only depends on the topology of X.
(3) For L := log(ǫ −1 ) and for each component Y of X > which is not a pair of pants there are two intersecting not freely-homotopic non peripheral simple closed curves in Y whose lengths are bounded from above by L. For a closed flat surface S = (X, d fl ) and the hyperbolic metric σ, let (X > , X < ) be the thick-thin decomposition of (X, σ) with respect to the Margulis constant and let Y be a connected component of X > . [Raf07] showed that there is a unique subsurface Y fl in the homotopy class of Y with the following properties:
• Y fl has locally geodesic boundary for the flat metric. For each boundary curve of Y there is a unique flat geodesic representative in Y fl . Y fl might be degenerated, so it might be a graph. Proposition 3.1. For some c > 0, which only depends on the topology of X and for each non-peripheral simple closed curve α in Y it follows:
Moreover, the diameter of Y fl is comparable to λ(Y ).
Denote by F i,j again the subadditive process as in the previous section and F := lim T →∞ T −1 F 0,T the measurable limit.
Theorem 3.2. For a closed flat surface S = (X, d fl ) and for the hyperbolic metric σ let Y be a connected component of X > . Then there exists a constant A > 0 which only depends on the topology of X such that
Proof. Recall that τ : T 1 X → X is the projection of the unit tangent bundle, whereas π :X → X is the projection of the universal cover. Assume first that the connected component Y ⊂ X > is not a topological pair of pants. There exist non-peripheral intersecting simple closed local geodesics α σ , β σ ⊂ Y whose hyperbolic lengths are bounded from above and below by some uniform constant. Denote by α fl resp. β fl the corresponding length minimizing representatives in the free homotopy class and define m :=
+ 4 which is bounded by constants which only depend on the topology of X. There is a hyperbolic convex collar C α around α σ with the following properties:
• The hyperbolic length of the shortest arc in C α which connects different boundary components has a universal positive upper and lower bound which only depend on the length of α σ . • The hyperbolic area of C α is bounded from below by some positive constant which only depends on the topology of X as well. • There exists some s 0 > 0, which depends on m and on the hyperbolic length of α σ , so that each hyperbolic geodesic g σ : [0, s 0 ] → C α , of length at least s 0 intersects β σ at least m times.
The direction collar CD α ⊂ T 1 C α is defined as follows: At each point x ∈ C α choose a maximal set of directions I x ⊂ T 1 x X so that for each v ∈ I x the hyperbolic geodesic g σ : [0, s 0 ] → X, g σ : t → τ (g t (v)) is entirely contained in C α , see Figure 1 . The Lebesgue measure of each fiber I x has a positive lower bound which depends on s 0 and the length of α σ , consequently on the topology of X. So the volume of CD α has a positive lower bound which only depends on the topology of X. By the following Lemma one can use CD α to estimate the quotient of hyperbolic and flat lengths of geodesic arcs. Lemma 3.2. Let s 0 be as above. For a geodesic arc for the hyperbolic metric g σ : [0, T ] → X let t j > 0, j = 1, . . . , n CD which satisfy the following properties:
Then there is a constant c > 0, which only depends on the topology of X and k > 0, which depends on the flat metric but not on g σ so that the length of flat geodesic representative g fl ∈ [g σ ] can be estimated by
Proof. For n CD ≤ 2k this is obvious, so assume that n CD > 2k. The main line of the argument is the following: The geodesic subarcg σ | [ti,ti+s0] twists in the collar C α for each t i . One expects that there is a corresponding subarc of g fl with the same behavior. The length of this flat subarc is comparable to the length of α fl multiplied with the number of twists. The main difficulty is to synchronize the behavior of the flat and the hyperbolic geodesic g * , * = d fl , σ. Choose liftsg * of g * , * = fl , σ on the universal cover with common endpointsx,ỹand letβ σ,i , i = 1, . . . , n int be the complete lifts of β σ which intersectg σ and which are ordered by their distance tox. By the Collar Lemma the geodesic linesβ σ,i ,β σ,i+1 are disjoint and their distance is bounded from below by some uniform positive constant. Letβ fl,i be the complete lifts of β fl which share their endpoints at infinity withβ σ,i .β fl ,i is a L-quasi-geodesic in the Poincaré disc and so of bounded Hausdorff distance H(L) toβ σ,i . Whereas eachβ σ,i separates the endpointsx andỹ, the linesβ fl,i might not separate. But, since the linesβ σ,i are of fixed distance and the Hausdorff distance ofβ σ,i andβ fl,i is at most H(L), there is a bound k(L) > 0 such thatβ σ,i separatesx andỹ for all k(L) ≤ i ≤ n CD − k(L). The geodesic linesβ fl,i ,β σ,i admit a coarse synchronization of the geodesicsg fl ,g σ in the following way: To each subarcb σ ⊂g σ that connects two linesβ σ,i ,β σ,j , k < i, j < n int − k we associate the shortest subarc ofb fl ⊂g fl that connects two lines β fl,i ,β fl,j . After projecting the subarcs to the base surface they can be closed up with a piece of β σ , resp. β fl to closed curves which are in same free homotopy classes up to attaching multiples of β. For k ≤ j ≤ n Cd − k there is a subarcb j,σ ⊂g σ | [tj ,tj +s0] that intersects m lifts β σ,ij . . . ,β σ,ij +m .For different j the associated subarcsb j,fl are disjoint up to endpoints and therefore
It remains to show that each arcb j,fl is of length at least c −1 λ(Y ). Since π(b j,σ ) twists in the collar C α , one closes π(b j,fl ) up along a piece of β fl to a closed curve in the free homotopy class α m ′ β l , |m ′ − (m − 2)| ≤ 1 which is not necessarily simple.
Let b j,fl be the flat geodesic representative of the free homotopy class α m ′ β l .
Remove a subarc of b ,fl so that the resulting arc is a loop in the free homotopy
We return to the proof of Theorem 3.2. For a m-typical point v ∈ T 1 X there is some bound T 0 > 0 so that for all T > T 0 the geodesic g t (v), 0 < t < T spends at least some proportional amount of time rT in CD α where the proportion r depends only on the area of CD α hence on the topology of X. There are at least rT s0 times t j so that g tj (v) ∈ CD α , 0 < t j < t j+1 − s 0 < T − 2s 0 . By Lemma 3.2
where c, s 0 , r > 0 only depend on the topology of X and k > 0 is independent of T . It remains to show the Theorem in the case that Y is a pair of pants. Let α σ , β σ be the intersecting hyperbolic geodesics as in Figure 2 whose lengths are bounded from above by some uniform constant. Slightly homotope the flat geodesic representative Analogously the flat length of the geodesic representative β fl is uniformly bounded. Choose the 4-sheeted cover π : X ′ → X of X, so that up to passing through α σ , β σ twice, the lifts α ′ σ , β ′ σ are simple closed and intersecting. Lift the metrics to X ′ . The remaining part of the argument is analogous to the one in the first case: Since the length of α ′ σ is twice the length α σ , there exists some hyperbolic collar C α ⊂ X ′ around α ′ σ which has some definite width. As in the first case choose the direction collar CD α ′ so that for each v ∈ CD α ′ the flow g t (v), 0 < t < s 0 remains in C α ′ and intersects β ′ σ a certain number of times m and that the volume of CD α ′ has some definite amount. The projection of the direction collar to the unit tangent bundle of the base surface T 1 X has hyperbolic measure at least one fourth the hyperbolic measure of CD α ′ .
For v ∈ π(CD α ′ ) ⊂ T 1 X, choose a lift of the flow τ (g t (v)), 0 < t < s 0 to T 1 Y ′ . The lifted geodesic winds through the collar C α ′ and can be closed up with a piece of β ′ σ to a closed curve which is freely homotopic to α ′m ′ β ′l ′ . The situation on the base surface is equal. For v ∈ π(CD α ′ ) the geodesic flow τ (g t (v)), 0 < t < t 0 remains in π(C α ′ ) and intersects β σ at least m times. One closes up the piece with β σ and obtains a closed curve which is freely homotopic to α m ′ β l , l ∈ N, |m ′ − (m − 2)| < 1. The remaining part of the argument is analogous to the one in the first case.
Typical boundary points
In this section, we investigate the isometric universal cover π :S → S of a closed flat surface S with Γ the group of deck transformations. To study geodesic rays inS, recall that νx,x ∈S is the Patterson-Sullivan measure on the Gromov boundary ∂S. For a pointx ∈S and U ⊂S the boundary shadow ∂shx(U ) ⊂ ∂S was defined in Section 2.1. The following statements are needed. Proof. Let [x,ς] be the geodesic connectingx withς. As the cone angle atς is at least 3π, in a standard neighborhood ofς one finds a small open subsetŨ so that for anyỹ ∈Ũ the geodesic which connectsx toỹ passes throughς. Observe that ∂shx(ς) ⊃ ∂shx(Ũ ).
Proposition 4.1. Forx ∈S let Bx ⊂ ∂S be the set of points η ∈ ∂S such that [x, η] passes through finitely many singularities. Then νx(Bx) = 0.
Proof. Let ΣS ⊂S be the set of singularities and let Bx ,0 ⊂ Bx be the set of points η ∈ ∂S such that the connecting geodesic [x, η] does not pass through any singularity. Let A L ⊂ ΣS, L > 0 be the set of singularitiesς of distance at most L tox so that [x,ς] does not pass through any other singularity. [Mas90] showed that |A L | grows quadratically in L. Let kπ be the cone angle atx. On the circle of directions atx fix a clockwise ordering and choose a base direction θ 0 with the property that the geodesic in direction θ 0 hits a singularity. To each pointỹ =x in the compactification ofS associate the angle ϑ(ỹ) ∈ [0, kπ) between [x,ỹ] and θ 0 atx. Order the pointsς i ∈ A L , i = 1, . . . , n by their angle ϑ. By Lemma 2.5, the set of directions of singularities is dense, so after enlarging L we may assume that
As in Figure 3 decompose B 0,x into sets
To estimate the diameter of S L i with respect to the Gromov metric d ∞,x , let . This triangle is isometric to a euclidean triangle, and the inner angle atx is less than π/3. Therefore we can estimate the Gromov product
So for each L the sets S L i , i = 1, . . . n(L) cover Bx ,0 . The diameter of S L i is bounded from above by a function diam(L). Since diam(L) decreases exponentially in L and n(L) grows polynomially in L, the Hausdorff dimension of Bx ,0 has to vanish. As the Hausdorff dimension of the whole boundary is positive, Bx ,0 has measure zero with respect to the measure class νỹ,ỹ ∈S. As
and there are only countably many singularities, νx(Bx) = 0 Whereas geodesic rays in the Poincaré disc with the same boundary endpoint converge towards each other there are geodesic rays inS with the same endpoint which do not converge, as the following examples shows: A maximal flat strip in a metric space is an isometric embedding of (0, r) × R which cannot be extended. [Mas86] showed that a the universal coverS of closed flat surface S contains countable many Γ-orbits of maximal flat strips. Choose distinct geodesic linesα i , i = 1, 2 in the same flat strip. Thenα i have finite Hausdorff distance but do not converge towards each other. We will show that for a νx-typical boundary point η, any two geodesic rays which converge to a η eventually coincide. The argument is inspired by [DLR10] . A parametrized geodesic lineα : R →S decomposesS in two connected components S ± . Forα(t) choose a standard neighborhoodŨ and an orientation such that ϑ + (α(t)) or ϑ − (α(t)) respectively measures the flat angle
inside ofŨ ∩S + orŨ ∩S − respectively. For a geodesic rayr : [0, ∞) →S choose an extension to a geodesic line and define ϑ + (r(t)), t > 0 analogously.
A boundary point η ∈ ∂S is quasi-straight if there is a quasi-straight geodesic ray which tends to η.
Denote by str ∂ ⊂ ∂S the Γ-invariant set of quasi-straight boundary points. Since the choice of ϑ + is arbitrary, we may assume that for any quasi-straight geodesic ray the angle ϑ + is bounded.
Proposition 4.2. Assume thatr 1 ,r 2 are geodesic rays inS with the same endpoint η ∈ ∂S. Ifr 2 is not quasi-straight, thenr 1 andr 2 eventually coincide Proof. Extendr 2 to a geodesic lineα. By uniqueness of geodesic rays,α andr 1 are either disjoint or eventually coincide. Assume that they are disjoint and letS + be the component ofS −α that containsr 1 . Denote byc t the geodesic connecting r 1 (t) withα(t) and consider the rectangle
By the Gauss-Bonnet formula, for any rectangle inS + with interior P , the boundary of P does not contain the whole side α| [s0,t0] . So, the geodesicc t0 intersectsα(t 0 −ǫ) and thereforec t0 containsα| [t0−ǫ,t0] . As a consequence one can extendc t0 alongα to a geodesic ray with the endpoint η. This is a contradiction, asc t0 issued from r 1 (t 0 ) and there is only one geodesic ray connectingr 1 (t 0 ) with η.
Consequently a boundary point η is quasi-straight if and only if each ray which converges to η is quasi-straight.
Proposition 4.3. The set of quasi straight boundary points is of vanishing νxmeasure.
The following technical Lemma is needed. Proof. For a standard neighborhood U ofς, the set of points U I ⊂ ∂U in direction I form a closed set. Thus S I = ∂shς(U I ) is Borel. Choose finitely many singularitiesς i ∈ ΣS, i = 1 . . . n inS whose Γ-orbits contain all singularities. Cover the circle of directions atς i with finitely many closed intervals I i,j of length l/3 and define the boundary intervals S Ii,j ⊂ ∂S as the set of points η so that the direction of [ς i , η] is contained in I i,j . Define
For every other singularityς in the Γ-orbit ofς i translate the covering of directions and obtain the same measure. Observe that each interval of directions I of length l atς i has to contain one of the smaller intervals of length l/3.
Proof of the Proposition. Denote by ΣS the singularities onS and recall that the set of quasi-straight boundary points str ∂ is defined by the property that for anỹ
It suffices to consider only those quasi-straight points η such that [x, η] passes through infinitely many singularities. Let Ax ⊂ str ∂ be the set of quasi-straight endpoints η such that
As ς∈ΣS
Aς covers the quasi-straight points up to measure 0 it suffices to show that Ax is of measure 0. For each n let Ax ,n ⊂ ΣS be the set of singularitiesς n such that [x,ς n ] passes through n singularities and that at each singularityς ∈ [x,ς n ], the smaller angle between the two rays [x,ς] and [ς,ς n ] is between π and 4π/3, see Figure 4 . Define Figure 4 . For any singularity in Ax ,1 the further points in Ax ,2 are contained in the light gray part. For the consecutive singularity in Ax ,3 we see a splitting in two parts, hence a Cantor construction. the mapping φ n : Ax ,n+1 → Ax ,n ,ς n+1 →ς n which projectsς n+1 ∈ A n+1 to the n-th singularity in [x,ς n+1 ].
Consequently
Ax ⊂ ∂shx(Ax ,n+1 ) ⊂ ∂shx(Ax ,n ) Forς n =ς ′ n ∈ Ax ,n the shadows ∂shx(ς n ) and ∂shx(ς ′ n ) are disjoint and so νx(∂shx(Ax ,n )) = ςn∈Ax,n νx(∂shx(ς n )).
Fixς n+1 ∈ Aς 0,n+1 andς n := φ n (ς n+1 ). A boundary point η is contained in ∂shx(ς n+1 ) only if the direction of [ς n ,ỹ] is contained in two intervals of directions I 1 , I 2 atς n which are both of length π/3. The set of boundary points in the whole shadow ∂shx(ς n ) defines an interval of direction atς n of length at least π, so the boundary shadow ∂shx(φ −1 n (ς n )) misses a subinterval of directions of length at least π/3 atς n . For the function R of Lemma 4.2 it follows that νς n (∂shx(ς n )) ≥ νς n (∂shx(φ −1 n (ς n ))) + R(π/3)
The last equality is due to Lemma 2.3. Since νς n (∂shx(ς n )) ≤ exp(e(S) diam(S)), the left term has a uniform upper bound λ < 1. Therefore νx (∂shx(Ax ,n+1 )) ≤ λ · νx (∂shx(Ax ,n ))
Since
Ax ⊂ n≥0 ∂shx(Ax ,n ) and since νỹ was extended to a complete measureνỹ(Ax) = 0 for anyỹ ∈S.
Geodesic flow
To investigate how the typical geodesic winds through S, we define the geodesic flow with respect to the flat metric. Similar constructions have already been made by Kaimanovich [Kai94] in the case of δ-hyperbolic spaces with additional conditions, by Bourdon [Bou95] for Cat(−1) spaces and by Coornaert and Papadopoulos [CP94] , [CP97] for metric trees resp. graphs. 5.1. Construction of the geodesic flow. We recall the necessary concepts and results. For the flat universal cover π :S → S of a closed flat surface let νx be the Patterson-Sullivan measure on the compactification ofS with respect to some base point x ∈S. We defined the quasi-straight boundary points which are of measure 0 for νx. Denote by d ∞,x the family of Gromov metrics on ∂S which satisfies
Since the flat metric is not smooth, one cannot make use of the unit tangent bundle for the geodesic flow. The space of bi-infinite parametrized unit speed geodesics plays the role of the unit tangent bundle.
Definition 5.1. Let GS or GS respectively be the set of all parametrized bi-infinite unit speed geodesics α inS or S respectively which is endowed with the metric
GS is proper, and GS is compact. The group of Deck transformations Γ acts isometric, properly discontinuously and freely on GS as γ :α → γ(α).
The canonical mapping GS/Γ → GS is a homeomorphism. The geodesic flow g t acts on GS resp. GS as g t (α)(s) := α(t + s). Define τ : GS → ∂ 2S − △ to be the projection of a geodesic onto its endpoints. τ is onto and equivariant with respect to Γ. g t acts on the fibers of τ . Fixx νx := ιx · ν 2 x which, by Lemma 2.3 satisfies the following properties:
•νx, is independent ofx and so can be abbreviated byν.
•ν is a Γ-invariant infinite Radon measure in the measure class of ν 2 x . For aν-typical point (η, ζ) ∈ ∂ 2S − △, fix a connecting geodesic [η, ζ] and pull back the Lebesgue measure dt on R to the fiber via the parametrization of g t . This fiber measure is independent of the parametrization as the transition map is a translation. Remark 5.1. µ is independent of F . One can also choose directly a Borel fundamental domain in GS and obtain the same measure µ. On the other hand, special properties of the domain GF are needed later.
Proposition 5.1. g t acts µ-ergodically on (GS, µ).
Proof. This follows from the Hopf Argument [Hop71] which we sketch here. Let f : GS → R be a continuous function with compact support. By the Birkhoff Ergodic Theorem lim s→∞ s −1 s 0 f (g t )dt converges a.e. to a measurable g t -invariant function f * . As for any two bi-infinite µ-typical geodesics α, α ′ ∈ GS in the base surface there are parametrized geodesics α 1 , α 2 ∈ GS, such that each of the pairs (α,α 1 ), (α 1 ,α 2 ), (α 2 ,α ′ ) is asymptotic in positive or negative direction, f * (α) = f * (α ′ ) and so f * is constant a.e. 5.2. Typical behavior. On a flat surface S, the extension of a compact geodesic arc which connects singularities is not unique. It turns out that the set of geodesics, which pass through such an arc has positive measure. Recall that e(S) is the entropy of S. The equation follows from Lemma 2.3. We will show, that rx(ς) is nearly constant and so one can roughly identify νx(∂shx(ς)) with exp(−e(S)d(x,ς)).
Lemma 5.1. rx(ς) is bounded from above and below by a constant C(S) > 0. On the other hand, fix some singularityς 0 ∈S. By Lemma 2.5 and the fact that the cone angle atς 0 is at least 3π there are 4 saddle connectionss 1 , . . .s 4 with starting pointς i and endpointς 0 so that the shadows i≤4 ∂shς i (ς 0 ) = ∂S cover the boundary. As νς 0 (∂S) ≥ exp(−e(S) diam(S)), up to renumbering the saddle connections we can assume rς 1 (ς 0 ) = νς 0 (∂shς 1 (ς 0 )) ≥ exp(−e(S) diam(S))/4. By Proposition 2.3 there exists a geodesicc which first connectsx withς and eventually passes through γ(s 1 ) for some γ ∈ Γ so that the length ofc is bounded l(c) ≤ C l (S) + l(s 1 ) + d(x,ς) see Figure 5 . As ∂shx(ς) contains ∂shx(γ(ς 0 )) one observes Figure 5 . The shadow ofς with respect tox, marked light gray, contains the shadow of the endpoint of γ(s 1 ), here dark gray. rx(ς) ≥ νx(∂shx(γ(ς 0 ))) exp(e(S)d(x,ς)) ≥ exp(−e(S)(l(s 1 ) + C l (S) + diam(S)))/4
After enlarging C(S) this completes the proof.
We return to the geodesic flow.
Theorem 5.1. There is a constant C(S) > 0 which depends on the geometry of S such that the following holds: For any local geodesic c : [0, s] → S of positive length, let c ext be the maximal extension of c with the property that the extension in unique. A typical geodesic passes through c with a frequency Λ which is bounded from above and below by C(S) −1 exp(−e(S)l(c ext )) ≤ Λ ≤ C(S)exp(−e(S, Γ S )l(c ext )).
Proof. Denote by A c ⊂ GS the Borel set
A c := {α ∈ GS : ∃0 < t ≤ 1 : g t (α)| [0,s] = c}.
As g t acts ergodically with respect to µ, for any typical geodesic α ∈ GS The Lebesgue measure of the intersection of the fiber withÃc ,ǫ is ǫ and so µ(A c ) =ν(∂shx(c(0)) × ∂shx(c(s))) = νx(∂shx(c(0))) · νx(∂shx(c(s))).
where νx is the Patterson Sullivan measure. If the endpointc(s) is regular then there is locally only one possibility of extending c in positive direction so that it remains geodesic. Extendc as far as possible in positive as well as negative direction as long as the extension is unique, i.e. until the extension either hits a singularity or tends to infinity. If the extended geodesicc ext is infinite, one of the two factors in the product shadow is a point and therefore the product hasν-measure zero. Thus, assume that the extension is finite. Parametrize the extended geodesicc ext : [−s 1 , s 2 ] → S so thatc ext | [0,s] =c. By uniqueness of the extension ∂shx(c(0)) = ∂shx(c ext (−s 1 )) ∂shx(c(s)) = ∂shx(c ext (s 2 ))
Both endpoints ofc ext are singularities, so by Lemma 5.1 there is a universal constant C(S) such that C(S) −1 exp(−e(S)(s 1 + s/2)) ≤ νx(∂shx(c ext (−s 1 ))) ≤ C(S)exp(−e(S)(s 1 + s/2)) C(S) −1 exp(−e(S)(s 2 − s/2)) ≤ νx(∂shx(c ext (s 2 ))) ≤ C(S)exp(−e(S)(s 2 − s/2)) Altogether C(S) −2 exp(−e(S)l(c ext )) ≤ µ(A c ) ≤ C(S) 2 exp(−e(S)l(c ext )) So the frequency a µ-typical geodesic α ∈ GS enters c is proportional to exp(−e(S)l(c ext )).
